Accelerations of both the solar system barycenter (SSB) and stars in the Milky Way cause a systematic observational effect on the stellar proper motions, which was first studied in the early 1990s and developed by J. Kovalevsky (aberration in proper motions, 2003, A&A, 404, 743). This paper intends to extend that work and aims to estimate the magnitude and significance of the aberration in proper motions of stars, especially in the region near the Galactic center. We adopt two models for the Galactic rotation curve to evaluate the aberrational effect on the Galactic plane. Based on the theoretical developments, we show that the effect of aberration in proper motions depends on the galactocentric distance of stars; it is dominated by the acceleration of stars in the central region of the Galaxy. Within 200 pc from the Galactic center, the systematic proper motion can reach an amplitude larger than 1000 µas yr −1 by applying a flat rotation curve. With a more realistic rotation curve which is linearly rising in the core region of the Galaxy, the aberrational proper motions are limited up to about 150 µas yr −1 . Then we investigate the applicability of the theoretical expressions concerning the aberrational proper motions, especially for those stars with short period orbits. If the orbital period of stars is only a fraction of the light time from the star to the SSB, the expression proposed by Kovalevsky is not appropriate. With a more suitable formulation, we found that the aberration has no effect on the determination of the stellar orbits on the celestial sphere. The aberrational effect under consideration is small but not negligible with high-accurate astrometry in the future, particularly in constructing the Gaia celestial reference system realized by Galactic stars.
INTRODUCTION
It is well known that the velocity of an observer results in aberration in positions. For example, the Earth's orbital velocity is about 30 km s −1 , which is a fraction 10 −4 of the speed of light in a vacuum. The order of corresponding aberrational displacement is 10
radians, or about 20 ′′ . In a higher hierarchy of reference system (Klioner & Soffel 1998) , the velocity of the solar system barycenter (SSB) is responsible for the first order aberration in position of about 150
′′ , however this value is a constant and not detectable. In addition, the acceleration of an observer produce aberrational effect in proper motions of celestial objects (Kovalevsky 2003 , Kopeikin & Makarov 2006 , which is a variational effect with respect to the aberration in position. Given astrometric measurements at micro-arcsecond level, the aberration in proper motions resulting from the acceleration of the SSB has impact on the celestial reference system realized by extragalactic radio sources (ICRS) and Earth rotation parameters, thus should be considered in the near future (Titov 2010; Liu et al. 2012 ). Using VLBI observations over ⋆ E-mail: jcliu@nju.edu.cn more than 20 years, this effect has been detected by Titov et al. (2011) .
Let us first recall the effect of the planetary aberration, which depends on the relative velocity of the Earth and a planet in the solar system:
where p is the true geometric position vector, v E and v PL the velocities of the Earth and the planet under consideration, and ∆p PL the change of direction. Because the position and velocity of planets and the Earth are known accurately in the solar system, this planetary aberration can be fully corrected.
For stars in the Milky Way and an observer at the SSB, the aberration in positions coming from the velocity of the SSB and star is similar to Eq. (1):
where the superscript 'B' and 'S' represent the SSB and star, respectively. The aberration in proper motions for stars can be written as the first time derivative of the above equation:
The proper motion (independent of distance of stars) resulting from a B is the same as the effect for extragalactic sources, which forms a dipolar field on the celestial sphere from the anti-Galactic center to the Galactic center. The second part corresponding to the acceleration a S is more complicated and will be discussed in detail in the following. Considering that the magnitude of accelerations of stars are comparable or even larger than that of the SSB, both accelerations give rise to aberrational proper motions for stars. This paper is in part an extension and improvement of Kovalevsky (2003) for its 7th section where only compendious description was presented regarding 'time-dependent aberration of stars'. In Section 2, theoretical expressions for the combined aberration in proper motions defined by two kinds of rotation curves of the Galaxy are developed. As the effect is remarkably larger near the Galactic center, we focus our analysis within this area in Section 3 and provide necessary remarks on this effect. Then in Section 4, we discuss the influence of the effect of the aberration in proper motions on the future Gaia reference system. Finally, summary and discussion are given in Section 5. Appendix A is a computation applied to the S0-2 star around the central black hole in the Galactic center, for the purpose of interpreting the proper use of theoretical expressions.
Nomenclature issue
The aberrational effect on the extragalactic sources attribute to the acceleration of the SSB has been called the 'secular aberration' (Kopeikin & Makarov 2006) , 'secular aberration drift' (Titov 2010; Titov et al. 2011; Xu et al. 2013) , 'Galactic aberration' (Malkin 2011; Liu et al. 2012) , and also a more concise term 'glide' (Mignard & Klioner 2012) , which is as easy to be used as 'rotation'. Since the aberration in stellar proper motions in the Galaxy depends on both of the acceleration of the SSB and stars themselves, the above terms are not sufficient to distinguish these two phenomena, although they are quite similar, thus a proper terminology is necessary. Following Kovalevsky (2003) , the nomenclature "aberration in proper motions" chosen here is a general one which expresses the observational effect, regardless of the origin.
THEORETICAL DEVELOPMENT FOR ABERRATION IN PROPER MOTIONS

Coordinate systems
We denote the equatorial coordinate system (X, Y, Z) and the Galactic coordinate system (X G , Y G , Z G ), such that the X G axis is directed to the Galactic center and the X-Y plane coincide with the Galactic plane (Blaauw et al. 1960; Liu et al. 2011a) . Taking the compact radio source Sgr A* (super massive black hole) as the Galactic center, the equatorial-to-Galactic coordinate transformation matrix should be N 2MASS given by Equation (18) of Liu et al. (2011b) . We also introduce the local tangential Cartesian coordinate system (x, y, z) . At a point (α, δ) in the equatorial coordinate system, the unit vectors in the right ascension, declination, and radial directions are denoted as (e α , e δ , e r ), while in the Galactic coordinate system at the point (ℓ, b), the unit vectors in the Galactic longitude, latitude, and radial directions are (e ℓ , e b , e r ). For the visual plot of these coordinate systems, readers are refer to Figure 1 of Mignard & Klioner (2012) .
The relations between the unit vectors of the triads of (X, Y, Z) and (x, y, z) are such that (Green 1985 )
For the Galactic coordinate system, we have
Aberration in proper motions for Galactic stars
Projecting Eq. (3) to the local tangential coordinate system (x, y, z) in the Galactic coordinate system, the aberrational proper motions in longitude and latitude directions can be derived as follows:
where e ℓ , e b are given in Eq. (5). The third component for the change of the radial velocity is
because the aberration only change the direction (say, unit vectors) of stars. In our Galaxy, we suppose that all stars accelerate toward the Galactic center due to the gravitational attraction. In the present study, we assume that all stellar orbits are circular, although there may exists non-circular motions for stars in our Galaxy. The geometrical relation is shown in Fig. 1 for the solar system barycenter (SSB, denoted B), the Galactic center (denoted G), and a star (denoted S). The star is located at (ℓ, b, r) , where r is the the distance to the SSB. The unit vector of the acceleration of the star is denoted ρ in the plot. The vector BS and BG can be written as
in which R 0 ≃ 8.0 kpc (Reid 1993 ) is adopted as the distance between the SSB and the Galactic center. The distance of the star from the Galactic center (denoted d) is then calculated from △BGS :
and the unit vector in the direction of SG can be derived as
Therefore the acceleration of the SSB and star are respectively
We define following parameters in the unit of proper motions:
where the former quantity A B (constant) corresponding to the SSB was called the 'Galactic aberration constant' in Malkin (2011) and Liu et al. (2012) . The magnitude of A B is about 4 − 6 µas yr −1 , based on the recent determination of Galactic constants (e.g. Bobylev & Bajkova 2010; Reid et al. 2009; Zhu 2009 ) and its value in Eq. (12) is chosen to match with our previous study (Liu et al. 2012) 1 . Then we define a parameter γ as the ratio of the accelerations of the star and SSB:
Using the above formulas and definitions, the proper motions in Eq. (6) can be written as:
Expanding Eq. (14), we obtain
in which ρ 1 , ρ 2 , and ρ 3 are the three components of the unit vector ρ as defined in Eq. (10). For extragalactic radio sources whose accelerations are zero or too small to be detected (i.e. a S = 0, γ = 0), Eq. (15) degenerates into the form of the pure dipolar proper motion field (see, e.g. Eq. (4) of Liu et al. 2012 ).
Aberration in proper motions based on rotation curves of the Galaxy
In order to evaluate the magnitude of aberrational proper motions, it is necessary to know the accelerations of stars, or equivalently the parameter γ in (18). Since accelerations of stars are not available one by one, certain statistical models for the Galactic kinematics, such as rotation curves, are necessarily be used. For stars 1 The constant A B is closely related to the Galactic constants V 0 and R 0 . A B = 5 µas yr −1 (adopted value in this paper) corresponds to V 0 = 240 km s −1 and R 0 = 8.0 kpc, while A B = 4 µas yr −1 corresponds to V 0 = 220 km s −1 and R 0 = 8.5 kpc, as adopted by Kovalevsky (2003) . in the Galaxy, especially for those on the Galactic disk, every star revolves more or less around the Galactic center. One simplified case is such that the rotation curve is completely flat throughout the Galaxy (see Fig. 2 (a), which is also the assumption adopted by Kovalevsky (2003) in his calculation). In this case, the rotation velocity of a star is the same as the velocity of the SSB:
and the acceleration in the circular orbit is
so that
Inserting (18) into Eq. (15), one has the resulting proper motions in Galactic longitude and latitude:
In the brackets of the above expressions, the first terms with magnitude A B are caused by the acceleration of the SSB, which construct a distance-independent dipole proper motion field. The second terms are inversely proportional to the squared distance of the star to the Galactic center. This means that the proper motions increase as the stars are closer to the Galactic center. On the other hand, the terms sin ℓ and sin b decrease as the star goes closer to the Galactic center. The final magnitudes of proper motions are mutually affected by these two factors. When applying rotation curves, we can only calculate the aberration for stars on (or nearby) the Galactic plane, because stars belong to other components of the Galaxy (e.g. halo) do not follow the property of the rotation curve. Figure 3 shows the contour plot for ∆µ ℓ cos b (note that ∆µ b = 0 since b = 0). The upper panel is for a wilder range up to 12 kpc in X and Y directions centered on the Galactic center, and the lower plot is enhancement around the center up to 300 pc. Note that Fig. 3 is consistent with Figure 5 and 6 of Kovalevsky (2003), and that the effect of aberration disappears on the X G axis where ℓ = b = 0 and on the Galactocentric ring passing by the SSB where d = R 0 . In the area far away from the Galactic center, the aberrational effect is raising from both of the acceleration of the SSB and the star, while Describing the rotation curve with only flat straight line is not appropriate for the inner part the Galaxy, since the rotation of the bulge is nearly rigid. A more reasonable approximation of the rotation curve is the one as shown in Fig. 2(b) , which separate the bulge from the disk at the boundary d = d 0 . Out of the bulge, the rotation curve is almost flat due to various studies (e.g. Fich et al. 1989; Frink et al. 1996; Pont et al. 1997) . The inner truncation length of the bulge of the Galaxy is only about 100 − 300 pc (Binney et al. 1997; Bissantz & Gerhard 2002; Vanhollebeke et al. 2009 ). The expression of the rigid rotation speed of stars within the boundary d 0 is
and the parameter γ in this region is
It is proportional to the galactocentric distance of the star (d), while in the previous case it is in inverse proportion to d. Inserting Eq. (22) into Eq. (15), we obtain the resulting aberrational proper motions in Galactic longitude and latitude: Fig. 2(b) . The Galactic center is located at (8.0, 0) and the SSB is at (0, 0).
The term 1 − (R 0 /d 0 ) 2 in brackets is a constant of an order of 1000 (if R 0 = 8.0 kpc and d 0 = 0.3 kpc), consequently the proper motions are independent of distance of stars in the rigid rotation mode. Within the small area of celestial sphere near the Galactic center, the proper motion field is simply a stronger dipole, but due to the fact that both sin ℓ and sin b are small quantities, the proper motions are not very significant. Out of the bulge, the expressions are the same as Eqs. (19) and (20). Adopting d 0 = 0.3 kpc, the magnitude of proper motions are shown in Fig. 4 , where the contours in the range d < d 0 correspond to straight lines of constant Galactic longitudes. In this area, the largest proper motion is only about 150 µas yr −1 at X = 8.0 kpc and Y = d 0 . Using this kind of rotation curve, the magnitudes of the aberrational proper motions are limited, and this is different from the previous case, for which the aberrational effect can be infinity near the Galactic center.
For recent practical models of the rotation curve of the Milky Way, readers are refer to e.g. Foster & Cooper (2010) , Bovy et al. (2012 ), or Ruiz-Granados et al. (2012 . It is also necessary to mention that our calculation in this section is only valid for the stars whose accelerations are directing to the Galactic center. If the reality is not that case, one should apply Eq. (6) for a more general discussion.
PROPER USE OF THE EXPRESSIONS FOR THE ABERRATIONAL EFFECT
Conceptually, the aberration in proper motions resulting from the stellar acceleration a S is the variation of projected velocity on the celestial sphere during the light time from the star to the observer (SSB). Written in Eq. (3), the acceleration of the star a S should be a constant vector, which means that the motion of the star must be (or approximately) rectilinear during the time span of light travel. To this end, we note that Eq. (3) and follow-up expressions that describe the spurious proper motions are simplified, and should be used with caution, especially in the Galactic center region. An example of improper application of Eq. (3) to a specific star S0-2 at the central region of the Galaxy is presented in appendix A.
Working with simplified rotation curve of the Galaxy
To apply correctly the effect of aberration in proper motions for stars in the galaxy, comparison of the light time from the star to the SSB (denoted T L ) with the stellar orbit period (denoted P) is necessary. With an assumption of circular motion of stars on the X (kpc) Figure 5 . Distribution of the parameter τ on the Galactic plane corresponding to the flat rotation curve in Fig. 2(a) . The Galactic center is located at (8.0, 0) and the SSB is at (0, 0) point. The upper plot covers almost the whole Galactic plane, while the lower plot is the enlarged drawing for the vicinity of the Galactic center.
Galactic disk, the ratio of the orbital period and the light time is such that
where all the symbols are the same as in the previous section. The parameter τ can be used to represent the degree of linearity of the stellar motion during the time T L . If τ is much larger than 1 (e.g. 100), one can assume safely that the motion of the star is almost linear, or in other words, that the acceleration of the star is approximately a constant (τ = +∞ means that a S is rigorously a constant vector). If the rotation curve is flat (V S = V 0 ) as shown in Fig. 2(a) , the galactocentric distance of a star should satisfy d > 0.1 kpc to fulfill τ > 100. The distribution of τ is plotted in Fig. 5 with an application of flat rotation curve. If we adopt the more realistic rotation curve as plotted in Fig. 2(b) , the parameter within the radius d 0 can be written as
where Eq. (21) has been taken into account. In this small region we have r ≃ R 0 = 8.0 kpc, so that τ is approximately a constant:
which indicates that during the light time T L from the star to the observer, the star moves only about 1/320 of a circle in its orbit so that the curvature of the motion is not significant. Such small segment of arc can be considered as straight line and the acceleration of the star can be regarded as unchanged during its motion along the short arc. With an adoption of the rotation curve in Fig. 2(b) , Eq. (3) seems to be appropriate for all the stars on the Galactic disk.
Aberration in proper motions for stars with short orbital periods
We have shown in the last paragraphs that the Eq. (3) is not appropriate to be used to describe the aberrational effect for the stars that have short orbital periods compared to the interval of light time from the star to the observer. According to the concept of the aberration in proper motions, after a time span covering integer multiple of orbital periods, the star moves back to the same point on the orbit which means that its velocity is the same as it is at the beginning of that time span, and the corresponding effect of aberration resulting from the acceleration of the star is zero. To this end, only orbital period fraction
within the light time is responsible for effective aberration in proper motions, and Eq. (3) should be written as a more suitable form:
where v S 1 and v S 2 are the velocities of the star on its orbit at the beginning (t 1 ) and the end (t 2 ) of the effective fraction of the period, respectively. The value of Eq. (29) also depends on the initial position of the star corresponding to the velocity v S 1 or the phase of the fraction (effective) arc if the orbit is not circular (e.g. elliptical orbit). To calculate the value for Eq. (29), it would require that the accuracy of the light time be measured to an accuracy at least better than P f .
Note that most of the short periodic stars are near the Galactic center, where the influence caused by the acceleration of the SSB can be ignored, we only consider the effect resulting from the motion of the star. Projecting Eq. (29) on the celestial sphere, we obtain the aberrational proper motions in the equatorial coordinate system:
where the subscript x, y means that the velocity vectors are decomposed in the tangential coordinate system that is established by (e α , e δ , e r ) triad as defined in Section 2.1, and κ = 4.74047 is a constant factor for unit transformation if proper motions are in unit of µas yr −1 , velocities in km s −1 , and r in pc. Because the true proper motions of the star at t 1 are such that:
we have the observed proper motions at t 1 by adding the corrections in Eq. (30):
This shows that the effect of aberration in proper motions only changes the observed phase of the star on the stellar orbit. It does not change the shape of the orbit on the celestial sphere, although we can not measure the exact value of the correction.
EFFECT OF THE ABERRATION ON THE CELESTIAL REFERENCE FRAME REALIZED BY GALACTIC STARS IN GAIA ERA
The European space astrometry mission Gaia, due for launched in late 2013, will survey all the celestial objects (including stars, extragalactic sources, and solar system objects) brighter than 20th magnitude (Perryman et al. 2001 ) with an unprecedent accuracy, ranging from a few tens of µas at magnitude 15 − 18 to about 200 µas at the the faint end (Lindegren et al. 2008) . One target of the high accurate astrometric solution of Gaia is to build a kinematically non-rotating frame called Gaia-CRF (Gaia celestial reference frame) in optical and radio bands to a uniform precision (Mignard 2011) . It would be aligned with current ICRS realized by VLBI using certain optical bright extargalactic sources (Bourda et al. 2008; Bourda et al. 2010; Taris et al. 2013) . The systematic effect of the Galactic aberration on the present ICRF realized by extragalactic sources has been discussed by Liu et al. (2012) using ICRF1/ICRF2 catalogues. More recently, a new concept of 'epoch ICRF' was proposed by Xu et al. (2013) with a slightly different approach. Because the extragalactic sources are assumed to have no measurable motion (Petit & Luzum 2010) , they can be regarded as free of acceleration, therefore only the acceleration of the SSB is necessarily be considered. For the reference system realized by stars in our Galaxy, the situation is more complicated. The fictitious proper motions are resulting from both accelerations as discussed in previous sections. The first part from the acceleration of the SSB causes a global rotation that depends on the distribution of the stars on the celestial sphere (Liu et al. 2012) . On the other hand, the second part resulting from the stellar accelerations depends on the three dimensional places of the stars. Note that, while in Liu et al. (2012) , the global rotation of the ICRS due to the Galactic aberration effect is on the order of 1 µas yr −1 , the magnitude of global rotation derived from the aberration in proper motions for stars would be larger. The aberrational effect on the future stellar reference frame should be considered with micro-arcsecond astrometry, in order to construct a satisfactory inertial celestial reference system (at the level of about 0.5 µas yr −1 , Mignard 2011). However, the accelerations of stars, having an amplitude similar to that of the SSB's acceleration (several µas yr −1 ) are not easy to be detected with high accuracy one by one. Theoretical models such as more practical rotation curve are needed as proper simplification.
DISCUSSION AND CONCLUSION
In this paper we have investigated the effect of aberration in proper motions for Galactic stars, which is an observational effect resulting from the accelerations of the observer and stars. This effect was first proposed by Kovalevsky in 2003, and will start to be noticeable in the era of micro-arcsecond astrometry with space missions.
The theoretical formulas of aberrational proper motions were developed with an hypothesis that the acceleration of the star is toward the Galactic center. In our study, two dimensionless parameters γ (the ratio of the acceleration of the star and the SSB) and τ (ratio of the orbital period and the light time from the star to the SSB) were introduced. The parameter γ specifies the significance of the aberration resulting from the star with respect to that from the observer, while τ determines whether the basic expression of the effect is applicable with sufficient appropriateness.
We have improved the results of Kovalevsky (2003) to a more concise form. Two kinds of rotation curves of the Galactic disk were adopted to examine the property of the aberrational proper motions, especially in the vicinity of the Galactic center. A flat rotation curve starting from the Galactic center leads to enlargement of the proper motions to 1000 µas yr −1 at d = 0.2 kpc, while the alternative rotation curve rising linearly from the Galactic center to the bulge-disk boundary gives limited proper motions up to about 150 µas yr −1 . In this more practical case, the parameter τ is always higher than 300, which ensure the validity of the expression (3) of the aberrational effect. If the period of the stellar orbit is shorter than the light time from the star to the observer, the assumption of constant acceleration in this period of time does not hold. This called attention to apply the aberration in proper motions with caution. In this circumstances, one need more basic expression as shown in Eq. (29). The magnitudes of the aberration in proper motions are difficult to measure, however we have shown that there is no effect on determining the orbit of stars.
Because the amplitudes of the systematic proper motions is at some places much larger than the Gaia accuracy for the proper motion measurements, this effect should be considered to eliminate the rotation and distortion in the future Gaia celestial reference system realized by stars in optical bandpass. However, this would be possible only if the accelerations of stars are known with satisfactory precision, or we have more reliable kinematics of the Galaxy for modeling those accelerations. Conventionally, proper motions of stars are derived from differentiate of positions (celestial coordinates in a specific reference system) at various epochs. The effect of aberration in proper motions is embedded in the observed positions of stars. In this sense, the systematic effect cannot be measured directly from observations; it can only be studied in a theoretical way. At the time of Gaia completion, the effect of aberration in proper motions is expected to be detected, e.g. using the least squares method as presented in Titov et al. (2011) , with the help of ultra high accurate observation data of the Gaia satellite. Table 4 of Schödel et al. (2003) . where G is the gravitational constant, M BH the enclosed mass of the central black hole.
The coordinate system in which orbital elements are given is the local tangential coordinate system originated at Sgr A* in the equatorial coordinate system. This means that the three dimensional position (∆x, ∆y, ∆z) 3 extracted from orbital elements are described in the coordinate system established by (e α , e δ , e r ).
To calculate the proper motions in right ascension and declination using Eq. (3), it is necessary to transform the position and velocity vectors into the equatorial coordinate system using the inverse relation of Eq. (4) 
Because the observed data of stars are given in the equatorial coordinate system, we decompose the basic equation (3) 
